Abstract: This paper presents an optimal robust controller for active trailer differential braking (ATDB) systems of car-trailer (CT) combinations. To design ATDB systems, controllers based on the linear quadratic regulator (LQR) technique have been explored. In these LQR controller designs, vehicle forward speed, trailer payload, etc., were assumed as constants. In reality, a CT combination is frequently confronted with variations of operating conditions and vehicle parameters, which may impose significant impacts on the lateral stability of these vehicles. This motivates the investigation into robust controller designs. An ATDB controller is designed using the μ synthesis technique. A new method using a genetic algorithm (GA) for tuning the weighting function parameters for the robust controller is presented. In the parameters tuning process, the lateral stability is emphasised and the pathfollowing capability is considered. Simulation results confirm the validity of the ATDB controller.
Introduction
To increase safety of single-unit vehicles (e.g., passenger cars), the US Government has established FMVSS 126, which is a vehicle standard that requires all passenger cars sold in North America to include an electronic stability control (ESC) system starting in 2012 (NHTSA, 2010 ). An ESC system has the ability to produce a yaw moment for enhancing the lateral stability of the vehicle without driver intervention. Simulations and tests demonstrate that vehicle stability and path-following performance under emergency manoeuvres at high lateral accelerations can be improved with ESC systems (Koibuchi et al., 1996) .
However, nearly all the ESC systems are designed for single-unit vehicles and take no account of external loads, e.g., trailers (Darling et al., 2009) . Car-trailer (CT) combinations exhibit reduced stability at high speeds owing to their multi-unit configurations. Compared with cars, CT combinations show unique unstable motion modes, i.e., jack-knifing and trailer swing (He and Ren, 2013) . Articulated vehicles, such as CT combinations, may display exaggerated lateral motions of the trailing unit when executing evasive manoeuvres (Winkler, 2001) . The trailing unit is usually the first one to rollover and by the time the driver realises what is occurring, it is generally too late for him/her to take corrective action. The unstable motion modes are the common causes for accidents occurring on highways (Shamim et al., 2011) . To date, majority of trailers use passive mechanisms to improve the stability. Unfortunately, the stability of a CT combination cannot be guaranteed with a passive mechanism, because vehicle parameters and operating conditions vary significantly (Sharp and Fernandez, 2002) .
To improve the lateral stability of CT combinations, various stability control schemes have been proposed and examined. Direct yaw moment control may be implemented to enhance CT stability using differential braking and/or active steering of individual vehicle unit (Mokhiamar and Abe, 2003) . Kageyama and Nagai (1995) proposed an active steering system of the leading unit of a CT. Lugner (1996) introduced an active trailer differential braking (ATDB) technique. Hac et al. (2008) examined an active braking control scheme of the leading unit of a CT; and Shamim et al. (2011) compared the control schemes of ATDB, active trailer steering (ATS) and variable geometry control. It is indicated that among the aforementioned active safety systems, the one based on the ATDB is the most cost-effective.
To design controllers for ATDB systems of articulated vehicles, various control techniques have been used, which include the methods of linear quadratic regulator (LQR) (Shamim et al. 2011; Shariatmadar et al., 2012; Zhu et al., 2007; Islam et al.,2012) , sliding mode control (Mokhiamar and Abe, 2003; Yang, 2012) and model reference adaptive control (MRAC) (Vempaty et al., 2016) . Especially, LQR-based controllers have been explored for CT combinations (Sun et al., 2012 (Sun et al., , 2014 . In these LQR-based controller designs, vehicle forward speed, trailer payload, trailer CG and road conditions were assumed as constants. It is indicated that a LQR-based controller for active roll control systems of articulated vehicles exhibits poorer robustness to variations of operating conditions compared against an optimal roll controller considering variable speeds with gain scheduling (Miege and Cebon, 2005) . In reality, a CT combination is frequently confronted with variations of operating conditions, e.g., vehicle forward speed and vehicle parameters, such as trailer payload. The aforementioned model-based ATDB controllers designed using the LQR technique could show poor robustness in the following scenarios: 1 accurate model is not available 2 un-modelled dynamics occurs 3 operating condition varies 4 there exists external disturbances.
To address the robustness issue, this paper proposes an ATDB controller designed using the robust μ synthesis technique. Robustness is an important issue for controller design owing to differences between the mathematical model used for the controller design and the actual physical system (Gu et al., 2014) . The μ synthesis technique has successfully addressed robustness issues on models with parameter uncertainties and external disturbances (Yin et al., 2011; Corno et al., 2009; Yuan and Katupitiya, 2012; Skogestad and Postlethwaite, 2001 ). However, most of the μ synthesis controllers were designed for single unit vehicles, but not for CT combinations. One of the difficult tasks in the design of μ synthesis controllers is the selection of weighting functions (Gu et al., 2014) . The weighting functions have an impact on the performance and robustness of the respective μ synthesis controller. In general, the parameters of the weighting functions are chosen by the trial and error method (Tijani et al., 2011) . The selection process is tedious and timeconsuming. In this paper, a μ synthesis controller is designed for ATDB systems of CT combinations and the tuning of the weighting functions of the controller is implemented using a genetic algorithm (GA). In the weighting function parameters tuning process with the GA, the lateral stability is emphasised and the path-following capability is also considered. We examine the μ synthesis based ATDB controller using numerical simulations of a CT combination equipped with the active safety system under an openloop single lane-change manoeuvre.
The rest of the paper is organised as follows. In Section 2, a three degrees-of-freedom (DOF) yaw-plane model for the CT combination is introduced. In Section 3, the μ synthesis control technique with uncertainties is briefly reviewed. The robust ATDB controller is designed and the selection of the weighting functions is introduced in Section 4. Section 5 presents a reference model for generating the desired yaw-rate to be tracked and describes the implementation of numerical simulations. Numerical simulation results under the single lane-change manoeuvre are presented and discussed in Section 6. Finally, conclusions are drawn in Section 7.
Vehicle system modelling
For designing controllers for trailer yaw moment control, yaw-plane models for articulated vehicles have been justified in the literature (Islam et al., 2012 (Islam et al., , 2015 . In this paper, the linear 3-DOF yaw-plane CT model is used for the design of μ synthesis robust controller. The schematic diagram shown in Figure 1 represents the 3-DOF yaw-plane model of the CT system. In this model, the coordinate system is fixed on the car and trailer body, respectively. It is assumed that the tractor front and rear axles and the trailer axle are each represented by one single tyre as shown in Figure 1 .
From Newton's laws of dynamics, the equations of motion for the car are expressed as,
and, the equations of motion for the trailer are cast as, ( )
where, M z is the yaw moment to be manipulated by the ATDB system. Note that the notation is defined in Appendix and shown in Figure 1 . To derive the linear vehicle model, the following assumptions have been made: 1 the longitudinal forces (F x1 , F x2 and F x3 ) are neglected 2 the longitudinal speed of the car (U c ) and the trailer (U t ) are the same, and they are treated as a constant U 3 the steering angle (δ) is small 4 the articulation angle (ψ) is small 5 the lateral forces (F y1 , F y2 and F y3 ) at tyres exhibit linear characteristics. The linear relationship between the tyre side-slip angle and the corresponding tyre cornering coefficient can be cast as,
where C 1 , C 2 and C 3 are the cornering stiffness of the car front and rear tyres and the trailer tyres respectively and the corresponding tyre side-slip angles are α 1 , α 2 and α 3 . The tyre side-slip angles can be expressed as, The linear 3-DOF yaw-plane CT model can be written in the state-space form as
) where, δ is the car front wheel steering angle, M z is the control input as external yaw moment, A, B and B c represent the system, steering input and control input matrices, respectively. The state variable vector is defined as
( 1 4 ) where, V c is the lateral velocity of the car, r c and r t are the yaw-rate of the car and trailer, respectively. Definitions of the CT system parameters are offered in the Appendix.
μ synthesis control scheme
In reality, physical vehicle system parameters may not be known accurately or these parameters could be difficult to measure. For example, the mass and yaw moment of inertia of the car and trailer vary with the number of passengers and payloads. In order to control the dynamic behaviours of a CT combination effectively, desired controllers should be robust to all uncertainties. In this paper, seven parameters, i.e., mass of the car and trailer, yaw moment of inertia of the car and trailer and cornering stiffness coefficient of tyres, are considered as parametric uncertainties in the design of the robust controller. All values of these parameters can vary by ±30% from their nominal values. Furthermore, the lateral dynamics of a CT combination varies with the change of vehicle forward speed. Some controllers are not guaranteed to be stable at different vehicle forward speeds. To address this problem, the μ synthesis ATDB controller is designed with vehicle forward speed varying in the range of 40 km/h to 110 km/h. The nominal values and variation of the vehicle system parameters are given in the Appendix. The μ synthesis is one of the most effective techniques for the robust control design. The main purpose of the robust control is to find a stabilising controller that ensures the robust stability and performance of the closed-loop system with model parameter uncertainties. The general configuration of the μ synthesis control scheme is shown in Figure 2 . In this figure, d denotes the external inputs; e represents the output errors; y un and Pert are the input and output signals of the dynamic uncertainties; y and u represent the feedback signals and the control signal, respectively; P is the nominal plant model with the weighting functions; Δ is the plant perturbations. For the controller design, it is required to find a control gain K, which stabilises the closed-loop system and satisfies equation (15) for all uncertainties (Skogestad and Postlethwaite, 2001) .
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where, F I (P, K) represents the transfer function matrix, resulting from the combination of the controller K and the plant P via a lower linear fractional transformation (LFT) as shown in Figure 2 and F u [F l (P, K), Δ] is the upper LFT. Equation (15) implies the stability of F u [F l (P, K), Δ] that denotes the robust stability with respect to the plant perturbations Δ. For the robust performance of the system, the augmented uncertainty structure Δ P is defined as:
where Δ F is usually called the performance uncertainty block. The robust performance analysis of the system can be done by using the structured singular value of F l (P, K)(jω) in respect of the extended uncertainty Δ p . The goal of μ synthesis is to minimise the peak value of the singular value ( ) p μ Δ ⋅ of the corresponding closed-loop transfer function for all uncertainties over all stabilising controllers as shown in equation (17) (Gu et al., 2014; Yuan and Katupitiya, 2012) .
To achieve the stability and performance robustness of the system, the structured singular value p μ Δ is required to satisfy the following condition.
Controller design and optimisation
Identifying desired weighting functions is an important step in robust controller design and normally needs numerous trials. Usually, the weighting functions are selected from proper and minimum phase transfer functions of low or high pass filters, based on the purpose of application. In this paper, five weighting functions are considered. The block diagram of the closed-loop CT combination with weighting functions is shown in Figure 3 . As shown in Figure 3 , G denotes the transfer functions of steering input and control input, K represents the control gain matrix, δ is the steering input and ref denotes the reference model for generating desired yaw-rates to be tracked by the car and trailer. The reference model will be introduced in Section 5.
The weighting function matrix W n serves to model sensor noises n 1 and n 2 at the measurements of yaw-rate of the car and trailer, respectively. The control input u is weighted according to the input limitation by the weighting function W u . The weighting function matrix W p is applied on the system outputs, which are related with the yaw-rates of the car and trailer, respectively. The weighting functions of the closed-loop CT combination can be described by the following formulas (Zhou and Doyle, 1999) : ,
where, the steady state error is not greater than ∈ i , ω i is the crossover bandwidth and M i is the sensitivity peak (i = 1, 2, 3, 4 and 5). For a robust control design, it is required to select optimal weighting function parameters to achieve the robust stability and performance of the system. However, even though many researches have focused on the μ synthesis control technique, the parameters of weighting functions are usually tuned using the conventional trial and error method. This approach is difficult to use without knowledge of the frequency domain responses. In order to design an optimal robust controller, a GA (Mares and Surace, 1996 ) is introduced in this paper. The role of the GA in the design optimisation is to find optimal values of the design variables for minimising the objective function is the output sensitivity function and K is the optimal control gain matrix by using dksyn() function in MATLAB. The objective function is defined as shown in equation (22); it can be evaluated using the GA from the optimisation toolbox in MATLAB. Note that in the dksyn() function, the D-K iteration is used to carry out the synthesis process. The D-K iteration is a two-step optimisation procedure. First, a minimisation of the H ∞ norm over all stabilising control gain matrices K is conducted, while the scaling matrix D is fixed; second, a minimisation over a set of scaling D is performed, while the control gain matrix K maintains constant (Gu et al., 2014) . The aforementioned design optimisation emphasises the lateral stability of the CT combination. It is reported that in designs of articulated vehicles for improving directional performance, there exists a trade-off between path-following ability and lateral stability (Islam et al., 2012) . In order to achieve a compromised solution considering the trade-off, a constraint is introduced in the design optimisation. The constraint is defined as
where C bond is a positive constant, φ 1 , φ 2 , φ 3 and φ 4 are the root of mean square (RMS) values of yaw-rates and the lateral accelerations at the CG of the car and trailer with the ATDB controller, respectively, and 1 2 3 , ,
φ φ φ and 4 p φ represent the corresponding RMS values of the CT combination without the ATDB controller. This constraint is introduced in order to prevent the important state variables from deviating far away from their nominal values. Thus, an acceptable path-following capability may be guaranteed. It is expected that with the above objective function and the constrained condition, the design optimisation will lead to an optimal solution, which enhances the lateral stability and ensures the path-following measure within an acceptable level.
Reference model and simulation setup
The objective of the design of the μ synthesis ATDB controller for the CT combination is to enhance the lateral stability and achieve acceptable path-following ability under evasive manoeuvres. Generally, drivers intend to control the yaw-rate when the vehicle negotiates a corner (Zhu and He, 2017) . A linear single-track yaw-plane model reflects the desired relationship between the driver steering input and the vehicle yaw-rate (Li and Rakheja, 2017) . Thus, the steady-state yaw-rate of the linear model is used as the desired yaw-rate to be tracked by the μ synthesis ATDB controller for the CT combination. The steady-state yaw-rate can be expressed as a function of the vehicle forward speed and the driver's steering input, which is considered to reflect the driver's intention. Under steadystate cornering, the target yaw-rate is expressed as:
where, r ss is the steady-state yaw-rate of the car, U the forward speed of the car and trailer, l is the wheelbase of the car and k c is the understeer coefficient of the CT considering the relevant parameters of the car and trailer (Li and Rakheja, 2017 ) and δ the steering input. In this research, MATLAB/Simulink environment is chosen to design the ATDB controller for the CT system. MATLAB's Robust Control Toolbox is primarily employed to build the μ synthesis controller. The performance measures of the ATDB controller are evaluated under a simulated single-lane change manoeuvre, in which the steering angle input for the front wheels of the car is a sine-wave with an amplitude of 0.0175 rad and a frequency of 0.318 Hz as shown in Figure 4 .
The weighting parameters of the μ synthesis controller are identified using the GA from the optimisation toolbox in MATLAB, which are listed in Table 1 . The following section discusses the simulation results derived in the research. In addition, it is observed that for the robust ATDB controller, the settling time is decreased and the oscillation is reduced compared against the CT combination without the robust ATDB controller. The success of the robust ATDB controller can be assessed in terms of the μ value achieved. To examine the robustness of the closed-loop CT combination with the ATDB controller to model parameter uncertainties, the robust performance analysis is conducted in terms of the μ value versus frequency as shown in Figure 9 . As seen in this figure, the peak μ value is 0.971, which is less than 1 and satisfies the robust performance condition expressed in equation (18). To satisfy the performance criterion shown in equation (22), it is necessary that the magnitude responses of the output sensitivity function with system uncertainties lie below the magnitude responses of the inverse of the performance weighting functions in the whole frequency range (Gu et al., 2014; Zhou and Doyle, 1999 To investigate the effects of the parametric uncertainties on the performance of the CT combination with and without the robust ATDB controller, simulations are performed considering 100 random parameter uncertainties using usample() function in MATLAB. This function generates random samples of an uncertain model. The robust performance of the μ synthesis controller is demonstrated in terms of the simulation results shown in Figures 12 to 15 . The simulation results indicate that the baseline design will experience unstable motions in certain conditions, whereas the CT with ATDB is able to control the vehicle motion in every scenario, The robustness of the controller can be further evaluated by performing the worstcase analysis. In this analysis, the CT combination is simulated with and without the ATDB controller under the single lane-change manoeuvre. The worst case is defined as the combination of maximum forward speed, minimum yaw moment inertia of the car, maximum yaw moment inertia of the trailer, maximum cornering stiffness of car front tyres, minimum cornering stiffness of car rear tyres, minimum cornering stiffness of the trailer tyres, minimum total mass of the car and maximum total mass of the trailer. These parameters are listed in Appendix. As shown in Figures 16 to 19 , the dynamic responses of the CT combination without the robust ATDB controller for the worst case are unstable, whereas the dynamic responses of the CT combination with the robust ATDB controller for the worst case are stable. The simulation results discussed above demonstrate that the robust ATDB controller can improve the lateral stability of the CT combination over the wide range of parameter uncertainties and the controller can guarantee robust performance of the CT combination.
Conclusions
In this paper, a μ synthesis based controller is proposed for the ATDB systems of CT combinations. The ATDB controller is designed using a 3-DOF yaw-plane CT model. In order to assess the performance of the proposed ATDB controller, numerical simulations are performed using the CT model with and without the controller under an open-loop single lane-change manoeuvre. Simulation results disclose the following insightful findings:
1 the μ synthesis based ATDB controller can ensure robust lateral stability of the CT combination subject to uncertainties of model parameters, sensor noises and vehicle forward speeds 2 under an evasive manoeuvre, the CT combination can enhance the lateral stability at the expense of a minor degradation of path-following capability.
In the design of ATDB controller for CT combinations using the μ synthesis control technique, the selection of the weighting functions is a nontrivial problem. To facilitate the determination of the desired values of the parameters of the weighting functions for the μ synthesis controller, a GA is applied to minimise the defined cost function for improving the lateral stability and to satisfy the specified constraint for ensuring acceptable path-following measure. Simulation results demonstrate that the proposed robust ATDB controller tuned by the GA can enhance the lateral stability and ensure an acceptable path-following capability of CT combinations subject to system uncertainties. The following recommendations are made for future studies of the proposed ATDB controllers:
1 in order to improve the direction performance of CT combinations in terms of yaw-stability, roll-stability and path-following, in future designs of the ATDB controller, a realistic driver model may be introduced and closed-loop dynamic simulations could be performed to explore the interactions of the driver-CT-controller system 2 a benchmark investigation may be carried out to compare the μ synthesis based ATDB controller and other typical control schemes, e.g., the LQR controllers reported in Sun et al. (2012) and Vempaty et al. (2016) .
